If a binary FeC alloy with a single-phase microstructure of the austenitic £ phase is isothermally annealed in an appropriate decarburization atmosphere, a layer of the ferritic ¡ phase is formed on the surface of the £ phase and gradually grows into the £ phase. The kinetics for the growth of the ¡ layer during the decarburization was quantitatively analyzed using a diffusion model at annealing temperatures between 1011 and 1185 K. In the analysis, the diffusion coefficient of C in each phase is considered independent of the chemical composition. According to the model, the square of the thickness l of the ¡ layer is proportional to the annealing time t as described by the relationship l 2 = Kt. This relationship is called the parabolic relationship. As the initial concentration x £0 of C in the £ phase increases from the minimum value to the maximum value for the £ single-phase region at each annealing temperature T, the parabolic coefficient K monotonically decreases from the maximum value K , K monotonically decreases with increasing value of T. This means that the growth of the ¡ layer takes place faster at lower annealing temperatures than at higher annealing temperatures. Such temperature dependence of the kinetics coincides well with experimental observations.
Introduction
Carburization is one of the effective surface-hardening techniques for steels. When a pure Fe specimen with flat surfaces is isothermally annealed in an appropriate carburization atmosphere at a certain temperature within the A 1 and A 3 transformations, the austenite (£) phase with the facecentered cubic (fcc) structure is formed as a layer on the flat surface of the ferrite (¡) phase with the body-centered cubic (bcc) structure. Such a carburization experiment was conducted by Togashi and Nishizawa. 1) In this experiment, a pure Fe specimen of the ¡ phase was isothermally annealed at 1073 K for various periods up to 9 h in a carburization atmosphere with the same activity of C as graphite. Owing to annealing, the £ layer is actually produced on the ¡ phase and gradually grows into the ¡ phase. At annealing times longer than 2 h, the square of the thickness of the £ layer increases in proportion to the annealing time. This relationship is called the parabolic relationship, and the proportionality coefficient of the parabolic relationship is designated the parabolic coefficient. The parabolic relationship yields that the growth of the £ layer is controlled by the volume diffusion of C in the ¡ and £ phases. For the volume diffusion rate-controlling process, the growth of the £ layer is mathematically described by a diffusion model. 2) In this model, the migration rate of the ¡/£ interface is determined by the diffusional flux balance at the interface. If the diffusion coefficient of C in each phase is independent of the concentration of C, the diffusion equation expressing the flux balance is solved in an analytical manner. Thus, the kinetics of the £ growth can be quantitatively analyzed by the analytical method. However, the diffusion coefficient of C in the £ phase varies depending on the C concentration. 3, 4) The composition dependence of the diffusion coefficient will influence the flux balance and hence the migration rate of the ¡/£ interface. In such a case, the analytical method may not be applicable to the kinetic analysis in a straightforward manner.
Recently, the kinetic analysis of the carburization was carried out by a numerical method in a previous study. 5) In this analysis, a diffusion model 2) was used to describe the migration of the ¡/£ interface, and the composition dependence of the diffusion coefficient of C in the £ phase was taken into consideration. For the volume diffusion ratecontrolling process, the experimental result reported by Togashi and Nishizawa 1) was satisfactorily reproduced by the numerical analysis. 5) The growth rate of the £ layer is governed by various parameters. They are the annealing temperature, the initial composition of the ¡ phase and the surface composition of the £ phase. Therefore, the dependencies of the growth rate on these parameters are essentially important to understand the carburization kinetics. Unfortunately, however, no reliable information was available for such dependencies. In the case of the numerical method, 5) the relationship between the thickness of the £ layer and the annealing time is obtained by iteration of the successive calculation, and then the parabolic coefficient is evaluated from this relationship. Although the calculation time depends on the power of a computer, a rather long iteration time is necessary for the numerical method. In contrast, the parabolic coefficient is readily calculated for different values of the parameters by the analytical method. 6) As a consequence, the analytical method was conveniently used to examine extensively the carburization kinetics in a previous study. 7) In this analysis, the diffusion coefficient of C in each phase was assumed to be independent of the composition. Although the growth rate of the £ layer is underestimated by this assumption, the underestimation is smaller than 10%. 5, 7) Therefore, the analytical method provides satisfactorily useful information on the carburization kinetics.
If a binary FeC alloy of the £ single phase is isothermally annealed in an adequate decarburization atmosphere in the A 1 A 3 temperature range, a layer of the ¡ phase will be formed on the surface of the £ phase. The growth rate of the ¡ layer during the decarburization is affected by the annealing temperature, the initial composition of the £ phase and the surface composition of the ¡ phase. However, systematic information is not available for such effects. In the present study, the analytical method was used to analyze quantitatively the kinetics of the decarburization. The result of the decarburization was compared with that of the carburization reported in a previous study.
7 ) The comparison indicates that the kinetics is not necessarily inversely related with each other between the decarburization and the carburization.
Analysis

Phase diagram in FeC system
The equilibrium phase diagram in the binary FeC system was thermodynamically analyzed by ¡gren 8) and then reevaluated by Gustafson. 9) The re-evaluated phase diagram 9) is represented in Fig. 1 . In this figure, the ordinate shows the absolute temperature T, and the abscissa indicates the mol fraction x of C. As can be seen, the temperatures T 3 and T e of the A 3 (£ § ¡) and eutectoid (£ § ¡ + gr) transformations are 1184.8 and 1011.2 K, respectively. Here, ¡, £ and gr are the bcc-ferrite, fcc-austenite and graphite phases, respectively, and x ¡£ , x £¡ and x £gr indicate the C concentrations of the ¡/(¡ + £), £/(¡ + £) and £/(£ + gr) phase boundaries, respectively. The eutectoid compositions of the ¡ and £ phases are denoted by x ¡e and x £e , respectively.
Diffusion model
Let us consider a semi-infinite diffusion couple initially composed of a binary FeC alloy with the concentration x £0 of C and a decarburization atmosphere with the activity a C of C. Hence, the diffusion couple consists of the solid and gas phases. In the semi-infinite solid/gas diffusion couple, the lengths of the alloy and the atmosphere are semi-infinite and the interface between them is flat. If the FeC alloy initially possesses the £ single-phase microstructure, x £0 lies in the £ single-phase region of the phase diagram in Fig. 1 . On the other hand, a C is usually measured with a reference state of graphite. In such a case, a C = 1 at x = x £gr , and a C < 1 at x < x £gr . If the diffusion couple is isothermally annealed in the temperature range of T e < T < T 3 and a C is smaller than the value corresponding to x = x ¡£ , the ¡ phase will be produced as an intermediate layer with a uniform thickness of l at the interface between the £ phase and the atmosphere. Due to formation of the ¡ phase, the gas/¡ and ¡/£ interfaces appear, but the gas/£ interface disappears. Here, the gas/¡ and gas/£ interfaces are the surfaces of the ¡ and £ phases, respectively. The concentration profile of C across the ¡ phase along the direction perpendicular to the surface of the ¡ phase is schematically drawn in Fig. 2 . Hereafter, this direction is denominated the diffusional direction. In Fig. 2 , the abscissa shows the distance z measured from the surface, and the ordinate indicates the concentration c of C measured in mol per unit volume. The phase diagram in Fig. 1 is drawn with the mol fraction x, but the concentration profile in Fig. 2 is depicted with the concentration c. However, x is readily converted into c by the relationship c = x/V m , where V m is the molar volume of the relevant phase. The value of c corresponding to x £0 is denoted by c £0 in Fig. 2 . In this figure, c ¡s is the C concentration on the surface of the ¡ phase, and c ¡£ and c £¡ are those in the ¡ and £ phases, respectively, at the ¡/£ interface. For the growth of the ¡ phase controlled by volume diffusion, the local equilibrium is realized at the ¡/£ interface and the surface of the ¡ phase. Under such conditions, c ¡£ and c £¡ coincide with the C concentrations of the ¡/(¡ + £) and £/(¡ + £) phase boundaries, respectively, and c ¡s , c ¡£ and c £¡ remain constant during isothermal annealing. Thus, the migration rate v = dl/dt of the ¡/£ interface is related with the diffusional flux balance at the interface as follows.
2) Fig. 1 The equilibrium phase diagram in the binary FeC system thermodynamically evaluated by Gustafson.
9)
Fig . 2 The schematic concentration profile of C along the diffusional direction across the ¡ phase formed on the surface of the £ phase.
Here, J ¡£ and J £¡ are the diffusional fluxes of C by volume diffusion in the ¡ and £ phases, respectively, at the interface. Since the distance z is measured from the surface of the ¡ phase as shown in Fig. 2 , the position l of the ¡/£ interface corresponds to the thickness of the ¡ phase, and hence the migration rate v is equal to the growth rate of the ¡ phase. According to Fick's first law, the diffusional flux J º is proportional to the concentration gradient @c º =@z as follows.
In eq. (2), D º is the diffusion coefficient for volume diffusion of C in the º phase, and º stands for ¡ and £. When the diffusion coefficient D º is independent of the C concentration c º of the º phase, Fick's second law is described by the following equation.
Equation (3) indicates that the C concentration c º is a function of the distance z and the annealing time t. The initial condition is expressed by the equation
and the boundary conditions are described as
Equations (1)(3) can be solved analytically under the initial and boundary conditions of eqs. (4) and (5). An analytical solution is described as
where K ¡ and K £ are dimensionless coefficients. Using K ¡ and K £ , l is expressed as a function of t by the following equation.
Here, K is the parabolic coefficient defined as
The following relationship is obtained from eq. (8) .
According to eq. (9), only one of the two dimensionless coefficients is independent. Thus, for given values of c £0 and c ¡s at each annealing temperature, we obtain the value of K ¡ or K £ from eq. (6) and then that of K from eq. (8).
Results
Diffusion coefficient
The composition is shown with the mol fraction x in Fig. 1 but with the concentration c in Fig. 2 . As previously mentioned, however, x is readily converted into c by the equation c = x/V m , where V m is the molar volume of the relevant phase. Like the analysis in a previous study, 7) the following assumptions have been adopted in the present study: (A) V m is independent of the composition; and (B) V m is equivalent for the ¡ and £ phases. Due to assumptions (A) and (B), c £¡ , x ¡£ and x ¡s , respectively. According to the equilibrium phase diagram in the binary FeC system of Fig. 1,  9 ) the temperature dependence of the mol fraction x ºª of C for the º/(º + ª) phase boundary is expressed by the following equation in the temperature range between T = T e = 1011.2 K and T = T 3 = 1184.8 K.
The values of the coefficient a i (i = 0, 1, 2, 3) for x ¡£ , x £¡ and x £gr are listed at the second, third and fourth columns, respectively, in Table 1 . The diffusion coefficient D £ of C in the £ phase of the binary FeC system was experimentally determined by Wells et al.
3) and Smith. 4) Their results indicate that D £ varies depending on the composition of the £ phase as well as the temperature. On the basis of the experimental results, 3, 4) the dependence of D £ on the composition and the temperature was quantitatively analyzed by various researchers.
1012) According to a recent analysis by ¡gren, 12) D £ is mathematically expressed as a function of y and T by the following equation.
ð11Þ Here, y is the site fraction of C in the interstitial site of the £ phase, and D £ is measured in m 2 /s. The term D £ (y) explicitly indicates that D £ is a function of y. The site fraction y is related with the mol fraction x by the equation (13) indicate that D £ varies depending on x even at a constant value of T. The migration rate v of the ¡/£ interface is determined by the diffusional flux balance at the interface according to eq. (1), and the diffusional flux J £¡ of C in the £ phase at the interface is proportional to the concentration gradient @c £¡ =@z of C at the corresponding location according to eq. (2). Therefore, the composition dependence of D £ may influence @c £¡ =@z and thus J £¡ . As a result, v will be affected by the composition dependence of D £ . According to the analysis in a previous study, 13) however, @c £¡ =@z is rather predominantly determined by the value of D £ at the ¡/£ interface and thus not so sensitive to the composition dependence of D £ . Consequently, the value of D £ (x) calculated from eqs. (11)(13) with x = x £¡ was used for the analysis in the present study. In contrast, the temperature dependence of D ¡ is expressed by an Arrhenius equation as follows.
Here, D are considered equal to each other and independent of the temperature and the composition, and thus assumptions (A) and (B) are actually valid.
Growth behavior of ¡ phase
The dependencies of K on x £0 at various annealing temperatures were calculated from eqs. (6)(15). The results of T = 11001180 K for x ¡s = 0 are shown as solid curves in Fig. 3 . Here, the value x ¡s = 0 corresponds to a C = 0 of the decarburization atmosphere. In Fig. 3 , the ordinate indicates the logarithm of K, and the abscissa shows x £0 . As can be seen, K is a monotonically decreasing function of x
£0
. At each annealing temperature, K takes the maximum value K Fig. 3 . Since the solid curves for 1011.2 K < T < 1100 K are overcrowded in the narrow area surrounded by the solid curve of T = 1100 K and the dashed and dotted curves, they are omitted in Fig. 3 . Nevertheless, it is concluded that K typically decreases with increasing value of T within T = 1011.21184.8 K for a given value of x
. The results of T = 11001180 K in Fig. 3 are represented as solid curves in a different manner in Fig. 4 . In this figure, the corresponding results of T = 10201080 K are also indicated. In Fig. 4 , the ordinate shows the logarithm of K, and the abscissa indicates the logarithm of the ratio ¦x £0 / ¦x £gr . Here, ¦x £0 and ¦x £gr are defined as Fig. 3 The dependence of the parabolic coefficient K on the composition x £0 for T = 11001180 K at x ¡s = 0. 
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and
respectively. As can be seen in Fig. 4 , K monotonically increases with decreasing value of ¦x
£0
/¦x £gr at each annealing temperature. Due to the dependencies of K 
Here, K 
Discussion
Comparison with observation
Decarburization of various steels has been experimentally studied by many investigators.
1926) In these studies, attention was focused mainly on the transport behavior of each substitutional alloying component whether the substitutional component is partitioned between the ¡ and £ phases during decarburization. Among such decarburization studies, a binary FeC alloy with an initial C concentration of x £0 = 0.0260 was used by Béché et al. 24) In their experiment, the FeC alloy was isothermally annealed at temperatures of T = 1048, 1079, 1098 and 1123 K in a hydrogen gas saturated with water at room temperature. In this temperature range, the FeC alloy indicates a single-phase microstructure of the £ phase. Owing to annealing, the ¡ layer with x ¡s = 0 is formed on the surface of the £ phase and grows towards the £ phase. Their observation shows that eq. (7) holds between the thickness l of the ¡ layer and the annealing time t. From the raw values of l and t reported by Béché et al., 24) the parabolic coefficient K was evaluated by the least-squares method. The values of K are plotted against the annealing temperature T as open circles with error bars in Fig. 7 . As can be seen, K slightly increases with decreasing annealing temperature T, though the dependence of K on T was not explicitly mentioned by Béché et al. 24) On the other hand, the calculation with x ¡s = 0 and x £0 = 0.0260 in the temperature range of T = 1028.61184.8 K is shown as a solid curve in Fig. 7 . Here, T = 1028.6 K is the temperature corresponding to x £¡ = 0.0260. Although any fitting parameters are not adopted for the calculation, the solid curve satisfactorily reproduces the open circles. According to the calculation, however, K lightly decreases with decreasing annealing temperature at T < 1060 K. Nevertheless, K is rather insensitive to T at T < 1100 K.
Comparison with carburization
In a previous study, 7) the growth behavior of the £ phase during the carburization of the ¡ phase with the initial composition x ¡0 was quantitatively analyzed in an analytical manner similar to the present study. The dependencies of K on x £s for T = 11001180 K are represented as dashed curves in Fig. 8(a)8(c) , respectively. In this figure, the ordinate shows the logarithm of K, and the upper-side abscissa indicates x £s . Here, x £s is the mol fraction of C on the surface of the £ phase formed on the ¡ phase in the carburization atmosphere. Furthermore, the dependencies of K on x £0 for T = 11001180 K in Fig. 3 are shown again as solid curves in Fig. 8(a)8(c) , respectively, where the lower-side abscissa indicates x
£0
. Open circles and squares show the maximum Fig. 7 The dependence of the parabolic coefficient K on the temperature T for x ¡s = 0 and x £0 = 0.0260. The experimental results for T = 1048 1123 K by Béché et al. 24) are represented as open circles with error bars.
(a) (b) (c) Fig. 8 The dependencies of K on x £0 for the decarburization in Fig. 3 and those of K on x £s for the carburization reported in a previous study 7) are shown as solid and dashed curves, respectively: (a) 1100 K, (b) 1160 K and (c) 1180 K. £s from x £gr to x £¡ . Therefore, the dependence of K on x £0 for the decarburization is not inversely related with that of K on x £s for the carburization.
The dependence of K c max on T reported in a previous study 7) is represented as a solid curve in Fig. 9 . In this figure, the ordinate shows the logarithm of K c max , and the abscissa indicates the reciprocal of T. The value x £s = x £gr corresponds to a C = 1 of the carburization atmosphere. Even under such simplified carburization conditions, however, K c max varies depending on T in a complicated manner as shown in Fig. 9 . Therefore, like K 
The ratio r K is plotted against the annealing temperature T as a solid curve in Fig. 10(a) . In this figure, the abscissa and the ordinate show T and the logarithm of r K , respectively. As can be seen, r K is much smaller than unity at annealing temperatures close to T = T e = 1011.2 K. As T increases, however, r K remarkably increases and then exceeds unity at certain values of T. The region with r K > 1 in Fig. 10(a) is magnified in Fig. 10(b) . In this figure, unlike Fig. 10(a) , r K is indicated in a linear scale on the ordinate. According to Fig. 10(b) , r K becomes greater than unity at T = 1175.4 1184.4 K and takes the maximum value at T = 1184.0 K. Nevertheless, the maximum value is merely r K = 1.62. Therefore, it is concluded that K c max is typically smaller than K d max at most of the annealing temperatures. This means that the maximum growth rate of the £ layer during the carburization is usually smaller than that of the ¡ layer during the decarburization. Fig. 10 The ratio r K versus the temperature T: (a) the whole temperature range, and (b) higher temperatures. Fig. 9 The dependence of the maximum value K c max of the parabolic coefficient with x £s = x £gr on the temperature T for x ¡0 = 0 reported in a previous study. 
The parabolic relationship in eq. (7) provides
for v as a function of K and t, and hence
for K correlated with v and t. Equations (6), (8) £ , however, x £¡ monotonically increases with decreasing temperature T and finally coincides with x £e at T = 1011.2 K as shown in Fig. 1 . Since x £0 = x £e in Fig. 11 , v £ remarkably decreases with decreasing temperature T and then reaches to 0 at T = 1011.2 K due to eq. (22b). In contrast, v £ gradually approaches to v ¡ with increasing temperature T. As a result, owing to eq. (23), v is rather insensitive to T at the lower temperatures but becomes a monotonically decreasing function of T at the higher temperatures in Fig. 11 . This temperature function of v determines the dependence of K on T through eq. (25).
Conclusions
The effects of the temperature and the chemical composition on the kinetics for the growth of the ¡-Fe phase during the decarburization of the £-Fe phase in the binary FeC system were quantitatively analyzed at annealing temperatures of 10111185 K using a diffusion model similar to a previous study. 7) In this model, the migration rate of the ¡/£ interface is determined by the diffusional flux balance at the interface, and the diffusion coefficient of C in each phase is independent of the composition. For simplification, the following assumptions have been adopted: (A) the molar volume is independent of the composition for each phase; and (B) the molar volume is equivalent for the ¡ and £ phases. According to the model, the parabolic relationship holds for the growth of the ¡ phase. Here, the parabolic relationship means that the square of the thickness of the ¡ phase is proportional to the annealing time. Typically, the parabolic coefficient is a monotonically decreasing function of the annealing temperature and the initial C concentration of the £ phase. Thus, for a given value of the initial C concentration, the growth of the ¡ phase occurs usually faster at lower annealing temperatures than at higher annealing temperatures. On the other hand, the maximum value of the parabolic coefficient monotonically increases with increasing annealing temperature. However, the temperature dependence of the maximum value is rather complicated. Consequently, this temperature dependence cannot be expressed by an Arrhenius equation in the whole annealing temperature range.
